Three-dimensional Alexandrov spaces with local isometric circle actions by Galaz-Garcia, Fernando & Núñez-Zimbrón, Jesús
ar
X
iv
:1
70
2.
06
08
0v
1 
 [m
ath
.D
G]
  2
0 F
eb
 20
17
THREE-DIMENSIONAL ALEXANDROV SPACES WITH
LOCAL ISOMETRIC CIRCLE ACTIONS
FERNANDO GALAZ-GARCI´A∗ AND JESU´S NU´N˜EZ-ZIMBRO´N ∗∗
Abstract. We obtain a topological and equivariant classification of
closed, connected three-dimensional Alexandrov spaces admitting a lo-
cal isometric circle action. We show, in particular, that such spaces are
homeomorphic to connected sums of some closed 3-manifold with a lo-
cal circle action and finitely many copies of the suspension of the real
projective plane.
1. Introduction
Alexandrov spaces are metric generalizations of Riemannian manifolds
with (sectional) curvature bounded below; they were first studied in [5] and
have provided a natural setting to study questions of global Riemannian
geometry. Although the role of these spaces in Riemannian geometry has
been one of the main motivations for their study, they are also objects of
intrinsic interest.
As for Riemannian manifolds, one may investigate Alexandrov spaces via
their symmetries. Since the isometry group of a compact Alexandrov space
is a compact Lie group (see [10]), the symmetry point of view naturally leads
to the study of isometric Lie group actions on Alexandrov spaces. In this
context, the combined work of Berestovskiˇı [2], Galaz-Garc´ıa and Searle [13]
and Nu´n˜ez-Zimbro´n [18] yields equivariant and topological classifications
of closed Alexandrov spaces of dimension at most three with an effective,
isometric action of a compact, connected Lie group. Here, as for manifolds,
an Alexandrov space is said to be closed if it is compact and has no boundary.
In the present article we focus our attention on closed three-dimensional
Alexandrov spaces with local circle actions. These actions generalize isomet-
ric circle actions and are decompositions of the space into disjoint, simple,
closed curves (possibly single points) such that each one of these curves has
a small tubular neighborhood V equipped with a circle action. The or-
bits of this circle action are required to be the curves of the decomposition
contained in V .
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In the context of topological manifolds, Orlik, Raymond [21], and Fin-
tushel [9] obtained a classification of effective, local circle actions on closed
topological 3-manifolds, generalizing the classification of closed topological
3-manifolds with effective circle actions in [25] and [20]:
Theorem A (Orlik and Raymond [21], Fintushel [9]). A closed, connected
topological 3-manifold M with an effective local S1-action is determined up
to equivariant equivalence by a set of fiber invariants
{b; ε, g, (f, k1), (t, k2);{(αi, βi)}
n
i=1}.
We recall the definition of these invariants in Section 3. The topological
classification of the manifolds in Theorem A is given in [21, Theorem in
p. 143] and [9, Section 3].
We consider effective and isometric local circle actions on closed Alexan-
drov 3-spaces, i.e effective local circle actions such that the S1-actions on
the tubular neighborhoods of the curves of the decomposition are isometric
with respect to the restricted metric. This class of spaces contains the class
of closed Alexandrov 3-spaces admitting an isometric circle action as well as
the class of closed Seifert 3-manifolds.
Recall that the space of directions ΣxX of a point x in an Alexandrov
3-space X without boundary must be homeomorphic either to a 2-sphere
or to a real projective plane RP 2 (see Section 2). We say that x ∈ X is
topologically singular if ΣxX is homeomorphic to RP
2. Let Susp(RP 2)
denote the suspension of the real projective plane. Our main result, which
generalizes [18, Theorem 1.2], is the following:
Theorem B. Let X be a closed, connected Alexandrov 3-space admitting an
isometric local S1-action. Assume that X has 2r ≥ 0 topologically singular
points. Then the following hold:
1. The set of isometric local circle actions (up to equivariant equiv-
alence) is in one-to-one correspondence with the set of unordered
tuples
{b; ε, g, (f, k1), (t, k2), (s, k3);{(αi, βi)}
n
i=1; (r1, r2, . . . , rs−k3); (q1, q2, . . . , qk3)} .
where the permissible values for b, ε, g, (f, k1), (t, k2) and (αi, βi)
are given by Theorem A, and (r1, r2, . . . , rs−k3) and (q1, q2, . . . , qk3)
are unordered (s − k3)- and k3-tuples of non-negative even integers
ri, qj, respectively, such that r1 + . . . + rs−k3 + q1 + . . . qk3 = 2r.
2. The space X is equivariantly equivalent to
M#Susp(RP 2)#⋯#Susp(RP 2)
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
r summands
,
where M is the closed 3-manifold determined by the set of invariants
{b; ε, g, (f + s, k1 + k3), (t, k2);{(αi, βi)}
n
i=1}
in Theorem A.
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We remark that the set of closed Alexandrov 3-spaces admitting an ef-
fective and isometric local circle action is contained in the set of collapsing
Alexandrov 3-spaces considered by Mitsuishi and Yamaguchi in [16]. In our
case, there are no singular fibers having neighborhoods of the form B(pt)
(see [16, Definition 2.48]). The structure induced by the local action allows
us to give, via Theorem B, an alternative description to the one in [16] for
those spaces without B(pt) building blocks, exhibiting them as one of the
connected sums in the theorem. Additionally, we conclude that whenever
a sequence of closed Alexandrov 3-spaces collapses to an Alexandrov sur-
face (with or without boundary) without singular fibers of type B(pt), this
collapse is given by an effective and isometric local circle action (see Corol-
lary 6.2). This is reminiscent of the fact that Riemannian manifolds that
collapse with bounded sectional curvature admit a so-called F -structure,
which is, roughly speaking, a generalized local torus action (see [6, 7]).
The contents of the present article are organized as follows. In Section 2
we recall some basic results on isometric Lie group actions on Alexandrov
spaces. In Section 3 we describe the structure of the fiber space of a closed
Alexandrov 3-space X with an effective, isometric local circle action. We
also assign equivariant and topological invariants to X. In Section 4 we
show how to construct closed Alexandrov 3-spaces with prescribed local
circle actions out of a given system of invariants. Section 5 contains the
proof of Theorem B. Finally, in Section 6 we relate our results to those in
the collapsing theory of Alexandrov 3-spaces.
Acknowledgements. The authors would like to thank Luis Guijarro for
helpful conversations.
2. Preliminaries
In this section we recall some basic facts on isometric actions of compact
Lie groups on finite-dimensional Alexandrov spaces. We refer the reader to
[3] for a thorough exposition on the general theory of compact transforma-
tion groups. The elements of Alexandrov geometry can be found in [4] and
[5].
Group actions. Let X be a finite-dimensional Alexandrov space. As in
the Riemannian case, the isometry group Isom(X) of X is a Lie group
(see [10]) and is compact (in the compact-open topology) whenever X is
compact. Let G ×X → X be an isometric action of a compact Lie group G
on X. The orbit of a point x ∈ X is the set G(x) = {gx ∈ X ∣ g ∈ G}; the
isotropy group at x is the closed subgroup Gx = {g ∈ G ∣ gx = x}. There is a
natural homeomorphism G(x) ≅G/Gx, for each x ∈X. The closed subgroup
⋂x∈X Gx of G is the ineffective kernel of the action. If the ineffective kernel
is trivial, we will say that the action is effective. In what follows we will
only consider effective actions.
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Given a subset A ⊆ X, we denote its image with respect to the orbit
projection map p ∶ X → X/G by A∗. In particular, X∗ = X/G is the orbit
space of the action. It was proved in [5, Section 4.6] that the orbit space X∗
is an Alexandrov space with the same lower curvature bound as X. Given
a subset A of the space of directions ΣxX of X at x, the set of normal
directions to A is, by definition, the set
A⊥ ∶= {v ∈ ΣxX ∣ d(v,w) = diam(ΣxX)/2 for all w ∈ A}.
The following proposition describes the tangent and normal spaces to the
orbits (cf. [13, Proposition 4]).
Proposition 2.1. Let X be an Alexandrov space admitting an isometric
G-action and fix x ∈ X with dimG/Gx > 0. If Sx ⊂ ΣxX is the unit tangent
space to the orbit G(x) ≅ G/Gx, then the following hold:
(1) The set S⊥x is a compact, totally geodesic Alexandrov subspace of
ΣxX with curvature bounded below by 1, and the space of directions
ΣxX is isometric to the join Sx ⋆ S⊥x with the standard join metric.
(2) Either S⊥x is connected or it contains exactly two points at distance
pi.
The (Euclidean) cone of an Alexandrov space Y of curv ≥ 1 is denoted by
K(Y ) and it is assumed to have the standard Euclidean cone metric.
Let X be a three-dimensional Alexandrov space without boundary and
an isometric circle action. Because of the low codimension of the orbits,
the Slice Theorem (cf. [15, Theorem B]) holds by purely topological reasons
(see [9] and [18, Remark 4.6]) and a slice at x is equivariantly homeomorphic
to K(Sx). It follows that Σx∗X
∗, the space of directions at x∗ in X∗, is
isometric to Sx/Gx. We will also use the Alexandrov versions of the isotropy
Lemma ([12, Lemma 2.1]) and the Principal Orbit Theorem ([12, Theorem
2.2]).
Let G act isometrically on two Alexandrov spaces X and Y . A mapping
ϕ ∶ X → Y is weakly G-equivariant if, for every x ∈ X and g ∈ G, there
exists an automorphism f of G such that ϕ(gx) = f(g)ϕ(x); if f is the
identity homomorphism, then we simply say that ϕ is G-equivariant. If it
is clear which group G is, we will only say that ϕ is weakly equivariant or
equivariant, depending on the situation. Two actions of G on X are said to
be equivalent if there exists a weakly equivariant homeomorphism from X
onto itself.
Three-dimensional Alexandrov spaces. We briefly recall the basic
structure of closed Alexandrov spaces of dimension 3. For more details
on these spaces, we refer the reader to [11].
Let X be a closed Alexandrov 3-space. Recall that the space of direc-
tions at each point in X is a closed 2-dimensional Alexandrov space with
curvature bounded below by 1. Therefore, the Bonnet–Myers Theorem (see
[4, Theorem 10.4.1]) implies that ΣxX has finite fundamental group, and is
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therefore homeomorphic to either a 2-sphere S2 or a real projective plane
RP 2. The set of points having space of directions homeomorphic to S2 is
open and dense in X. We call a point in X topologically regular if its space
of directions is homeomorphic to S2 and topologically singular if its space of
directions is homeomorphic to RP 2.
The Conical Neighborhood Theorem of Perelman [23] states that every
point x in an Alexandrov space has a neighborhood pointed-homeomorphic
to the cone over the space of directions at x. As a consequence of this result,
the set of points in X with space of directions RP 2 is finite and X must be
homeomorphic to a compact 3-manifold with finitely many RP 2-boundary
components to which one glues in cones over RP 2. It is not difficult to see
that X must have an even number of topologically singular points.
A closed non-manifold Alexandrov 3-space X can also be described as a
quotient of a closed, orientable, topological 3-manifold X˜ by an orientation-
reversing involution ι ∶ X˜ → X˜ with only fixed points. The manifold X˜ is
the orientable double branched cover of X (see, for example, [11, Lemma
1.7]). Furthermore, the metric on X can be lifted to X˜ so that X˜ is an
Alexandrov space with the same curvature bound as X and ι ∶ X˜ → X˜ is
an isometry with respect to the lifted metric; in particular, ι is equivalent
to a smooth involution on the 3-manifold X˜ (see [11, Lemma 1.8] and [14,
Section 5] for details).
3. Local circle actions
Let X be a closed, connected Alexandrov 3-space. We say that X ad-
mits an isometric local S1-action if it can be decomposed into (possibly
degenerate) disjoint, simple, closed curves each having a tubular neighbor-
hood which admits an effective, isometric S1-action (with respect to the
restricted metric) whose orbits are the curves of the decomposition. We call
each element of the decomposition into curves of X a fiber and X∗ the fiber
space of the local S1-action. The fiber map p ∶ X → X∗ is defined as the
map that coincides with the orbit maps of the circle actions on each of the
neighborhoods of the decomposition of the local S1-action. Following Orlik,
Raymond [21], and Fintushel [9], we will study the structure of the fiber
space, the types of fibers that can arise and compare them to the manifold
case.
Fiber types. We now describe the possible fibers of the decomposition of
X induced by the local circle action. The fiber types consisting of topologi-
cally regular points were first considered in [21, 9]. We first list the possible
degenerate fibers of the local circle action, i.e. those fibers consisting of just
one point. These fibers correspond to the fixed points of the local circle
action.
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F -fibers. Topologically regular single-point fibers will be called F -fibers. By
[17] a sufficiently small invariant metric ball around an F -fiber is equivari-
antly homeomorphic to an orthogonal action on a 3-ball. We denote the set
of F -fibers by F .
SF -fibers. Let V be a small invariant tubular neighborhood of a fiber of the
local circle action on X. Suppose that V contains a topologically singular
point p of X. Since the S1-action on V is isometric, p is a fixed point.
In other words, topologically singular points of X are degenerate fibers of
the decomposition of X into curves. A sufficiently small invariant metric
ball Br(p) around p is homeomorphic to a cone over RP 2. Therefore, by
[18, Corollary 4.5], the restriction of any local S1-action on X to Br(p) is
equivalent to the cone of the standard cohomogeneity one circle action on
the unit round RP 2. We describe this action explicitly.
We let each point in RP 2 be an equivalence class [r, θ], where (r, θ) lies
on the unit disk with polar coordinates 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2pi, and (1, θ) is
identified with (1, θ + pi) for all θ. Therefore, the points of the cone over
RP 2 are equivalence classes [[r, θ], t], where [r, θ] ∈ RP 2, 0 ≤ t ≤ 1, and the
points of the form ([r, θ],0) represent a single point. We let K(RP 2) be
the cone over RP 2. Then, for every 0 ≤ ϕ ≤ 2pi, the cone of the standard
cohomogeneity one circle action on the unit round RP 2 is given by
S1 ×K(RP 2) Ð→ K(RP 2)
(ϕ, [[r, θ], t]) z→ [[r, θ + ϕ], t].
We will call topologically singular fibers SF -fibers. Observe that SF -
fibers are isolated in X. We denote the stratum of SF -fibers by SF .
We now describe the possible non-degenerate fibers. Observe that the
notion of local orientability makes sense at topologically regular points of
X.
E-fibers. Let µ and ν be two relatively prime integers satisfying 0 < ν < µ.
Consider the following S1 action over a solid torus:
S1 × (D2 × S1) Ð→ (D2 × S1)
(z, ρeiθ , eiψ) z→ (zνρeiθ, zµeiψ).
The curve ρ = 0 will be called an exceptional fiber or E-fiber. Tubular neigh-
borhoods of E-fibers are of the form D2 ×Zµ S
1 where Zµ acts on D
2 by
rotations without reversing the local orientation and with the E-fiber cor-
responding to the curve {0} ×Zµ S
1. We assign Seifert invariants (α,β) to
the E-fiber as in [20] (see also [19]). We denote the stratum of E-fibers by E.
SE-fibers. We consider now the case where Z2 acts by reflexion with respect
to an axis of D2, reversing the local orientation. To describe the action, we
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let J = (−1,1), I be an open interval and identify D2 with J × I. Then we
have the following Z2 action on D
2 × S1:
Z2 × (J × I × S1) Ð→ (J × I × S1)
(t, u, z) z→ (−t, u,−z).
The quotient D2 ×Z2 S
1 of the previous action is homeomorphic to Mo × I,
where Mo is the Mo¨bius band (J × S1)/(t, z) ∼ (−t,−z). We denote the
elements of D2 ×Z2 S
1 by [t, u, z]. Now, we consider the following circle
action:
S1 × (D2 ×Z2 S
1) Ð→ D2 ×Z2 S
1
(w, [t, u, z]) z→ [t, u,wz].
The fibers of the previous action intersecting ({0}×I)×Z2 S
1 will be called
special exceptional fibers or SE-fibers. We denote the stratum of SE-fibers
by SE.
R-fibers. Fibers that are not F -, E- or SE-fibers will be called R-fibers.
The restriction of the fiber map p to the stratum of R-fibers is an S1 fiber
bundle with structure group O(2). We denote the stratum of R-fibers by R.
Fiber space structure. Observe first that, since the fiber projection map
p ∶ X → X∗ is a local submetry, X∗ satisfies the triangle comparison con-
dition locally and is therefore a 2-dimensional Alexandrov space (see [5,
Corollary in p. 16]). Therefore, X∗ is a topological 2-manifold (see [4, Corol-
lary 10.10.3]) and its boundary is composed of the images of F -, SF - and
SE-fibers under the fiber map, while the interior of X∗ consists of R-fibers
and a finite number of E-fibers. This structure for X∗ also follows, using
purely topological arguments, from [25, Lemma 1] (see also [19, Section 1.9,
Lemma 1]) and [18, Proposition 3.2].
Block types. As shown in [9, Section 2] and [20, Section 1], a closed 3-
manifold with a local circle action can be decomposed into different kinds of
building blocks; these arise when considering tubular neighborhoods of con-
nected components of fibers of the same type. We now recall the definition
of these blocks in the manifold case and define new types of building blocks
to account for the presence of topologically singular points in a non-manifold
three-dimensional Alexandrov space.
Manifold blocks. We first list the blocks that contain only topologically reg-
ular points; these arise when considering local circle actions on 3-manifolds.
E-blocks. We will call a small tubular neighborhood of an exceptional fiber
with Seifert invariants (α,β) an E-block of type (α,β). The orbit space of
an E-block is a 2-disk where a single point on the interior corresponds to
the exceptional fiber and the rest of the fibers have trivial isotropy.
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Simple and twisted F -blocks. Let CF be a component of F -fibers and let V
be a sufficiently small tubular neighborhood of CF . Since ∂V is composed
of R-fibers, we have the following possibilities for pi∣V ∶ V → V ∗. If ∂V is
orientable, then it is the trivial bundle S1×S1 and V is a solid torus equipped
with the following circle action:
S1 × (D2 × S1) Ð→ D2 × S1
(z, ρeiθ , eiψ) z→ (zρeiθ, eiψ).
Here, the curve ρ = 0 is the F -component. We call V a simple F -block.
If ∂V is non-orientable, then it is the non-orientable bundle S1×˜S1, that
is, a Klein bottle K. Therefore V is homeomorphic to a solid Klein bottle
K×[0,1] with the fibers contained in K×{0} collapsed to points, which cor-
respond to CF . We will call this block V a twisted F -block. Any local circle
action on a twisted F -block coincides locally, around a point on CF , with
the circle action described for simple F -blocks. However, that circle action
cannot be extended to a global circle action on a twisted F -block, since there
is no coherent choice of orientations for its fibers. In other words, the struc-
ture group of the bundle ∂V does not reduce to SO(2) on a twisted F -block.
Simple and twisted SE-blocks. Let CSE be a component of SE-fibers and
let U be a sufficiently small tubular neighborhood of CSE. As in the case of
CF we look at the restricted bundle pi∣ ∶ U → U∗. If ∂U is orientable, then
U is equivariantly homeomorphic to Mo × S1, the product of the Mo¨bius
band and a circle (see [21, Section 1] and [19, Section 1.8]). We will call U
a simple SE-block.
If ∂U is non-orientable, then the block is Mo×˜S1, the non-trivial Mo-
bundle over S1. Explicitly, the block can be described as [0,1]×S1×S1 after
identifying (0, eiθ , eiψ) ∼ (0, eiθ , eiψ+pi) and then taking the image of each
S
1 × S1 × {t} under the usual covering of the Klein bottle by the torus. We
will call U a twisted SE-block.
Non-manifold blocks. In addition to the manifold blocks described in [20]
and [9], we define two more types of building blocks. These contain topo-
logically singular points and arise when considering local circle actions on
non-manifold Alexandrov 3-spaces.
Simple SF -blocks. Let (Susp(RP 2), d0) be the suspension of the real projec-
tive plane (with constant curvature 1) equipped with the standard spherical
suspension Alexandrov metric of curvature bounded below by 1. Consider
the space (Susp(RP 2), d0) with the suspension of the standard circle action
on RP 2. We let Rk be the equivariant connected sum (as in [18, Section
4.1]) of k copies of Susp(RP 2). By [18, Corollary 4.5] there is a unique (up
to equivalence) isometric, effective circle action on Rk. We define the simple
SF -block as Rk ∖ (D2 × S1) equipped with the restricted circle action, and
with the invariant solid torus removed from the principal part of Rk. The
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orbit space of a simple SF -block is an annulus with the following structure:
the interior and one of the boundary components of the orbit space are com-
posed of principal orbits; the remaining boundary component is made up
of a union of arcs joined by their endpoints, alternating between S1 and Z2
isotropy groups.
Twisted SF -blocks. Let V be a twisted F -block and let Rk be the equivariant
connected sum of k copies of Susp(RP 2) (as in the construction of the simple
SF -block). We consider F -fibers x in V and y in Rk, and let Bx and By
be small invariant open neighborhoods of x and y, respectively. We may
assume that Bx and By are small enough so that their closures contain only
topologically regular fixed points and points with trivial isotropy. By the
description of the local circle action on V and the global circle action on
Rk, we can further assume that Bx and By, the closures of Bx and By,
respectively, are equivariantly homeomorphic to closed 3-balls with effective
and isometric circle actions. We define a twisted SF -block as V#Rk, the
equivariant connected sum of V and Rk along Bx and By (as in [18, Section
4.1]).
Fiber space invariants. Besides the information given by the local action,
we must consider the topological type of the fiber space X∗ as well. We
will list invariants associated to the topological type of X∗ and the local S1-
action. To this end, we recall the classification up to weak bundle equivalence
of S1 bundles with structure group O(2) over a compact 2-manifold with
boundary (see [9, Section 1], also [19, 21, 22]).
Definition 3.1. Let pii ∶ Ei → Bi, i = 1,2, be S1 fiber bundles with structure
group O(2). A weak equivalence between these bundles is a homeomorphism
ϕ ∶ E1 → E2 that covers a homeomorphism f ∶ B1 → B2, i.e. the diagram
E1
ϕ
//
pi1

E2
pi2

B1
f
// B2
commutes. If the total spaces E1,E2 are orientable, we require that an
orientation be chosen for E1 and E2 and that ϕ preserves orientation. If
either of the structure groups reduces to SO(2) we demand that ϕ be a
bundle map with respect to SO(2). Two S1 fiber bundles with structure
group O(2) are weakly equivalent if there exists a weak equivalence between
them.
Recall that the fundamental group of a compact, connected 2-manifold B
with genus g and m > 0 boundary components has the presentation
(aj , bj , si ∣ s1⋯sm[a1, b1]⋯[ag, bg])
if B is orientable, and
(vj , si ∣ s1⋯smv21⋯v
2
g)
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if B is nonorientable.
Theorem 3.2 (cf. [9, Theorem 1]). Let B be a compact, connected 2-
manifold with m > 0 boundary components and genus g. Then the set of weak
equivalence classes of circle bundles over B with structure group O(2) is in
one-to-one correspondence with the pairs (ε, k) where k ≥ 0 is an even integer
corresponding to the number of si in the presentation of pi1(B) that reverse
orientation along fibers. The symbol ε can take the values o1, o2, n1, n2, n3, n4
representing the following classes:
o1: B is orientable and all aj , bj preserve orientation.
o2: B is orientable, all aj, bj reverse orientation and g ≥ 1.
n1: B is non-orientable, all vj preserve orientation and g ≥ 1.
n2: B is non-orientable, all vj reverse orientation and g ≥ 1.
n3: B is non-orientable, v1 preserves orientation, all other vj reverse
orientation and g ≥ 2.
n4: B is non-orientable, v1 and v2 preserve orientation, all other vj
reverse orientation and g ≥ 3.
If k > 0, then the classes o1 and o2 collapse to a single class o, and the
classes n1, n2, n3 and n4 collapse to a single class n.
We now associate the following invariants to a fiber space X∗. Let (ε, k)
be the pair associated to the bundle of R-fibers with possible values as in
Theorem 3.2. We denote the genus of X∗ by g ≥ 0. We let f, t, k1, k2 be
non-negative integers such that k1 ≤ f and k2 ≤ t, where k1 is the number of
twisted F -blocks and k2 is the number of twisted SE-blocks. Consequently
f − k1 is the number of simple F -blocks and t − k2 is the number of simple
SE-blocks. A non-negative integer n will denote the number of E-fibers
and we let {(αi, βi)}ni=1 be the corresponding Seifert invariants. We also let
b denote an integer or an integer mod 2 with the following conditions: b = 0
if f + t > 0 or if ε ∈ {o2, n1, n3, n4} and some αi = 2; b ∈ {0,1} if f + t = 0 and
ε ∈ {o2, n1, n3, n4} and all αi ≠ 2. In the remaining cases b is an arbitrary
integer. We let s, k3 be non-negative integers, where k3 ≤ s is the number of
twisted SF -blocks. Hence s− k3 is the number of simple SF -blocks, and we
let (r1, r2, . . . , rs−k3) and (q1, q2, . . . , qk3) be (s − k3)- and k3-tuples of non-
negative even integers corresponding to the number of topologically singular
points in each simple and twisted SF -block, respectively. The numbers k,
k1, k2, and k3 satisfy k1 + k2 + k3 = k. Summarizing, to any fiber space X∗
we associate the set of invariants
{b; ε, g, (f, k1), (t, k2), (s, k3);{(αi, βi)}ni=1; (r1, r2, . . . , rs−k3); (q1, q2, . . . , qk3)} .
Definition 3.3 (cf. [21, p. 150] and [9, p. 116]). Let X and Y be two closed,
connected Alexandrov 3-spaces admitting local isometric S1 actions. We
will say that their fiber spaces are isomorphic if there is a weight-preserving
homeomorphism X∗ → Y ∗, i.e. a homeomorphism that preserves the fiber
space invariants. In the case that X∗ and Y ∗ are oriented we require the
homeomorphism to be orientation-preserving. We will say that X and Y are
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equivariantly equivalent if there is a fiber-preserving homeomorphismX → Y
which is orientation preserving on X ∖ (SE ∪ SF ) when X ∖ (SE ∪ SF ) is
oriented. In the case of a global circle action, one can show that equivariant
equivalence reduces to equivariant homeomorphism (cf. [21, p. 150]).
4. Constructing spaces with local circle actions
In this section we show how to construct a closed three-dimensional
Alexandrov space with an effective and isometric local S1-action out of the
set of invariants
{b; ε, g, (f, k1), (t, k2), (s, k3);{(αi, βi)}ni=1; (r1, r2, . . . , rs−k3); (q1, q2, . . . , qk3)} .
(4.1)
defined in the previous section. These invariants determine a topological
space with a topological effective local circle action in the following manner.
If f + t > 0 we let X∗
0
be a 2-manifold of genus g and f + t+n+s boundary
components which is orientable if ε ∈ {o, o1, o2} and non-orientable if ε ∈
{n,n1, n2, n3, n4}. Let X0 be the circle bundle with structure group O(2)
over X∗0 associated to (ε, k), with k = k1 + k2 + k3. This bundle has a cross-
section q (see [21, Section 2]). On n of the torus boundary components
q restricts to curves qi and the structure group on these tori reduces to
SO(2). This determines equivariant sewings for the E-blocks onto the n
torus components as in the proof of [19, Theorem 1.10]. To the remaining
boundary components we attach k1 twisted F -blocks, k2 twisted SE-blocks,
f − k1 simple F -blocks and t − k2 simple SE-blocks. Similarly, by means
of fiber-preserving homeomorphisms we glue s − k3 simple SF -blocks (the
j-th block having rj topologically singular points) and k3 twisted SF -blocks
(where the j-th block has qj topologically singular points). Then we let X
be the space obtained by this procedure.
If f = t = 0, we let M be the 3-manifold determined by the set of invari-
ants {b; ε, g, (s, k3), (0,0);{(αi , βi)}ni=1} as in the Main Theorems of [21, 9].
If s = 0, then M itself is the space we consider. Let us recall that the equi-
variant connected sum (see [18, Section 4.1]) of j copies of Susp(RP 2) will
be denoted by Rj as in the construction of the simple SF -blocks in Section
3. If s > 0, then, for each i = 1, . . . , s − k3, we take an equivariant connected
sum of Rri/2 with M centered at an F -fiber of M lying on an F -component
belonging to a simple F -block of M . We denote the space obtained by Y .
Finally, for every j = 1, . . . , k3, we perform an equivariant connected sum of
Rqj/2 with Y centered at an F -fiber of Y lying on an F -component belonging
to a twisted F -block of Y . We let X be the resulting space.
The space X constructed in the preceding paragraphs is only a topological
space with an effective topological local circle action and, a priori, X is not
an Alexandrov space. We will now show that it is possible to equip X
with an Alexandrov metric such that the local circle action is isometric.
We distinguish two cases, depending on whether or not X is a topological
manifold. In the case where X is not a topological manifold, we observe that
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X is homeomorphic to a smooth orbifold since it is a quotient of its double
branched cover, a closed topological 3-manifold, by an involution that is
equivalent to a smooth involution (see Section 2). We will first prove that
X admits a Riemannian metric (or an orbifold Riemannian metric in the
case that X is not a manifold) such that the action is isometric (with respect
to the Riemannian metric). Then we prove that the local circle action is
isometric with respect to the distance induced by this metric. As a first step,
we will show that, in the case where X is not a manifold, the topological
local circle action on X lifts to a topological local circle on the orientable
double branched cover of X (see Proposition 4.1 below). Then we prove that
X admits an invariant (orbifold) Riemannian metric g (see Proposition 4.3).
Finally, we show that the local circle action is isometric with respect to the
distance function on X induced by the (orbifold) Riemannian metric g (see
Proposition 4.5).
Let X be the topological space constructed out of the set of invariants
given in (4.1) and assume that X is not a topological manifold. As recalled
in the preceding paragraph, there exists a closed orientable topological 3-
manifold X˜ with an involution ι ∶ X˜ → X˜ such that X is homeomorphic to
X˜/ι and ι is equivalent to a smooth involution on X˜. The manifold X˜ is
the orientable double branched cover of X.
Proposition 4.1. Let X be the topological space with a topological, effective
local circle action constructed out of the set of invariants given in (4.1). If
X is not a manifold, then the topological local circle action on X lifts to an
effective local circle action on the orientable double branched cover X˜.
Proof. Let Γ = {γ}γ∈Λ be the decomposition of X into fibers of the local
circle action. We let pi ∶ X˜ → X be the canonical projection. Let X0 be
the space resulting from taking out small conical neighborhoods of each
topologically singular point of X and let X˜0 be the orientable double cover
of X0. For each γ ∈ Γ we consider Vγ a small tubular neighborhood of γ.
Then we have an effective S1-action
µ ∶ S1 × Vγ → Vγ .
Consider pi∣pi−1(Vγ) ∶ pi
−1(Vγ) → Vγ , which is a 2-sheeted covering map. By
[3, Theorem 9.1], we have a 2-sheeted covering ξ ∶ G′ = S1 → S1 and a
unique effective G′-action µ˜ ∶ G′×pi−1(Vγ)→ pi−1(Vγ) such that the following
diagram commutes:
G′ × pi−1(Vγ)
(ξ,pi)

µ˜
// pi−1(Vγ)
pi

S1 × Vγ µ
// Vγ
By applying this procedure to each γ ∈ Γ, we obtain an effective circle
action on each element of the open covering V = {pi−1(Vγ)}γ∈Λ of X˜0.
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Lemma 4.2. The covering V determines a unique, effective, local S1-action
Γ˜ on X˜ covering Γ.
Proof. Let α,β ∈ Γ be fibers such that pi−1(Vα) ∩ pi−1(Vβ) ≠ ∅. Therefore,
pi(pi−1(Vα)∩pi−1(Vβ)) ⊆ pi(pi−1(Vα))∩pi(pi−1(Vβ)) = Vα∩Vβ. Thus, Vα∩Vβ ≠ ∅.
Observe now that Vα ∩ Vβ is “invariant” under the local S1-action on X,
i.e. for each x ∈ Vα ∩ Vβ there is exactly one fiber γx ∈ Γ containing x and,
since Vα and Vβ are composed of fibers of Γ, γx must be contained in both
Vα and Vβ. Therefore Vα ∩ Vβ is composed entirely of elements of Γ.
Now, we consider pi−1(Vα ∩ Vβ) = pi−1(Vα) ∩ pi−1(Vβ). The lift of the local
S1-action on Vα ∩ Vβ to pi−1(Vα ∩ Vβ) coincides with either the restriction
of the one on pi−1(Vα) or the one on pi−1(Vβ) (by the uniqueness part of [3,
Theorem 9.1]).
We define Γ˜0 to be the set of fibers of the lifted local S
1-actions on each
element of V. By our previous observations Γ˜0 is an effective, local S1-action
on X˜0. By gluing (via fiber-preserving homeomorphisms) a collection of 3-
balls equipped with orthogonal S1-actions with only one fixed point to X˜0,
we obtain an effective, local S1-action Γ˜ on X˜ . 
We now observe that the involution ι ∶ X˜ → X˜ commutes with Γ˜. As in the
case of global S1-actions, for each pi−1(Vγ) ∈ V, the kernel of the two-sheeted
cover ξ ∶ S1 → S1 and the group of deck transformations of pi∣pi−1(Vγ) coincide
and are isomorphic to Z2 (cf. [18, Section 4.1]). Therefore, ι commutes with
µ˜. Since this is the case for each element of V, the involution ι commutes
with Γ˜. 
Proposition 4.3. There exists a Riemannian (orbifold) metric g on X such
that the given topological local circle action is isometric with respect to this
metric.
Proof. We distinguish two cases, depending on whether or not X is a topo-
logical manifold.
Suppose first that X is a topological manifold. Since X is three-dimen-
sional, it admits a (unique) smooth structure. Let Γ = {γ}γ∈Λ be the de-
composition of X into the fibers of the local circle action. For each γ ∈ Γ we
consider a small tubular neighborhood Vγ of γ so that we have an effective,
topological circle action on Vγ . By the work of Orlik and Raymond [20, 25],
the circle action on Vγ is equivariantly homeomorphic to a smooth circle
action. By [1, Theorem 3.65], there exists a Riemannian metric gγ on each
Vγ such that the circle action is isometric. We now consider an equivariant
smooth partition of unity {fγ ∶ Vγ → [0,∞)}γ∈Λ subordinated to the cover
{Vγ}γ∈Λ of X. Then, we define a Riemannian metric g on X by ∑γ∈Λ fγgγ .
The metric g is invariant with respect to the local circle action since each
gγ is invariant with respect to the circle action on each Vγ .
We now consider the case whereX is not a topological manifold. As noted
before the proposition, X is homeomorphic to a smooth orbifold, since it is
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a quotient of its double branched cover by an involution that is equivalent
to a smooth involution (see [11]).
For each γ ∈ Γ we consider a small tubular neighborhood Vγ of γ so that
we have an effective S1-action
µγ ∶ S
1 × Vγ → Vγ .
As in the proof of Proposition 4.1, we consider the restriction pi−1(Vγ)→ Vγ
of the double branched covering to Vγ . Then, by [3, Theorem 9.1], we can lift
the S1-action on Vγ to pi
−1(Vγ). By an analogous procedure to that of [18,
Section 4.1], pi−1(Vγ) admits a Riemannian metric invariant with respect to
the lifted circle action. We equip Vγ with the Riemannian orbifold metric
gγ induced from pi
−1(Vγ). As in the proof of Proposition 4.1, the involution
commutes with the lifted action, and therefore, this metric is invariant with
respect to the circle action on Vγ . We let V be the open cover of X given
by {Vγ}γ∈Λ.
We now consider a smooth (in the sense of orbifolds) equivariant partition
of unity {fγ ∶ Vγ → [0,∞)}γ∈Λ subordinated to the cover V. Then, we define
a Riemannian orbifold metric g on X by ∑Λ fγgγ . The metric g is invariant
with respect to the local circle action since each gγ is invariant with respect
to the circle action on each Vγ . 
We now show that the local circle action is isometric with respect to the
distance function induced by the Riemannian metric constructed in Proposi-
tion 4.3. The proof is rather technical, but it essentially follows from the fact
that shortest geodesics can be covered with finitely many invariant neigh-
borhoods of the local circle action. We first make the following observation.
Lemma 4.4. Any two continuous free actions µ1, µ2 of S
1 on itself are
equivalent and therefore any one of them is equivalent to the action given by
complex multiplication.
Proof. Let S11 and S
1
2 denote the two copies of S
1 on which µ1 and µ2 act,
respectively. Each of the orbit spaces S1
1
/S1 and S1
2
/S1 is a point so we can
identify them. We will denote this point by pt. Since the orbit space is a
point, for i = 1,2, there exists a cross-section si ∶ pt → S1i to µi, defined by
choosing any point in S1i as the image of pt. Each of the points x ∈ S
1
1
has
a unique representation of the form x = µ1(g, s1(pt)) and, analogously, each
y ∈ S1
2
is uniquely expressed as y = µ2(h, s2(pt)). We define Ψ ∶ S11 → S
1
2
by
letting Ψ(s1(pt)) = s2(pt) and extending “equivariantly”, i.e.
Ψ(x) = Ψ(µ1(g, s1(pt)) ∶= µ2(g,Ψ(s1(pt))) = µ2(g, s2(pt)))
This function is clearly continuous, equivariant and the same is true for
its inverse, which is constructed analogously. Therefore µ1 is equivalent to
µ2. 
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Proposition 4.5. The given topological local circle action on X is isometric
with respect to the distance induced by the Riemannian metric g of Propo-
sition 4.3. Therefore, there exists an Alexandrov metric on X such that the
given topological local circle action is isometric.
Proof. We will show that in both the manifold and non-manifold cases the
distance function d induced on X by g is an Alexandrov metric with respect
to which the given topological local circle action is isometric. Observe first
that, since d is induced by a Riemannian (orbifold) metric andX is compact,
d has curvature bounded below in the comparison sense. Hence (X,d) is
an Alexandrov space. Now we show that the local action is isometric with
respect to d. The proof works in both cases with no modifications.
Let γ be a fiber of the local circle action on X and Vγ a small tubular
neighborhood of it. Now we let x, y ∈ Vγ and η ∶ [0,1] → X be a geodesic
joining x and y. Suppose that η([0,1]) is fully contained in Vγ . Then, since
the action of S1 on Vγ is isometric, for any θ ∈ S1, the curve θη ∶ [0,1] →
Vγ given by (θη)(t) = θη(t) is a geodesic between θx and θy, and this is
analogous to the global circle action case. Therefore d(x, y) = d(θx, θy).
We will now examine the case where η([0,1]) is not contained in Vγ .
First we will assume that x and y are topologically regular points. Since the
stratum of topologically regular points of X is convex (see [24, Sec. 1.8]),
η([0,1]) will be contained in this stratum. In general, η([0,1])∩F , η([0,1])∩
E and η([0,1]) ∩ SE might not be empty. For this reason, we divide the
following analysis into several cases.
We first consider the case where η([0,1]) ⊂ R, where R ⊂X is the stratum
of R-fibers of the local circle action on X. Since η([0,1]) is compact we can
cover it with a finite number of open sets of the form Vγη(t) , where γη(t) is
the unique fiber of the local circle action going through η(t). We will denote
them by Vi, with i = 0,1, . . . , n. We will also denote the circle action on Vi
by µi. We can take a partition 0 = t0 < t1 < ⋯ < tn+1 = 1 of [0,1] such that
η([ti, ti+1]) ⊂ Vi. We may assume that V0 and Vn are contained in Vγ , so
that the actions µ0 and µn are given by the action µ on Vγ .
Now, for each θ0 ∈ S1, we will construct a curve η˜ joining µ0(θ0, x) =
µ(θ0, x) and µn(θ0, y) = µ(θ0, y) with the same length as η. The curve η˜ is
defined piecewise in the following way. We consider the curve
η˜0 ∶ [t0, t1]→ V0
t ↦ µ0(θ0, η∣[t0 ,t1](t)).
Now, note that η(t1) ∈ V0 ∩ V1. Since the fibers of µ0 coincide with the
fibers of µ1 on V0 ∩ V1, then η(t1) and µ0(θ0, η(t1)) are in the same fiber
with respect to µ1. Therefore, there exists θ1 ∈ S1 such that µ1(θ1, η(t1)) =
µ0(θ0, η(t1)). We define
η˜1 ∶ [t1, t2]→ V1
t ↦ µ1(θ1, η∣[t1 ,t2](t)).
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We continue this process inductively, noting that for each i ∈ {1, . . . , n},
ti ∈ Vi−1∩Vi and there exists θi ∈ S1 such that µi(θi, η(ti)) = µi−1(θi−1, η(ti)).
We then let the curve η˜i be given by
η˜i ∶ [ti, ti+1]→ Vi
t ↦ µi(θi, η∣[ti ,ti+1](t)).
As a consequence of Lemma 4.4, we have that η˜n(tn) = µn(θ0, y) = µ(θ0, y).
We define η˜ ∶ [0,1] → R, given by
η˜(t) ∶= η˜i(t) if t ∈ [ti, ti+1],
which is a piecewise smooth curve with the same length as η. Therefore
d(x, y) ≥ d(µ0(θ0, x), µ0(θ0, y)). By an analogous procedure applied to a
geodesic between µ0(θ0, x) and µ0(θ0, y), we obtain the opposite inequality
which yields that d(x, y) = d(µ0(θ0, x), µ0(θ0, y)).
Now we consider the case in which η([0,1]) ∩ (F ∪ E ∪ SE) ≠ ∅. First,
we make the following observation. In the case that η(0) or η(1) are not in
R, for any ε > 0 we can slightly perturb η([0,1]) inside Vγ to obtain a curve
η¯ ∶ [0,1] →X which coincides with η([0,1]) outside Vγ such that
∣Length(η¯) − Length(η) ∣ ≤ ε
and with its endpoints contained in R. Using the previous case in which
we assumed that η([0,1]) ⊂ R, we will show that for any such curve η¯
and any θ ∈ S1 there exists a curve of the same length joining µ(θ, η¯(0))
and µ(θ, η¯(1)). Assuming this, we choose a sequence εi → 0 and consider
the corresponding sequence of curves η¯i. Then, up to a subsequence, the
induced curves joining µ(θ, η¯i(0)) and µ(θ, η¯i(1)) converge to a curve joining
µ(θ, η(0)) and µ(θ, η(1)) having the same length as η. Therefore, in the
following we assume that the endpoints of η are contained in R.
Since the F - and E-components are codimension 2 submanifolds of X and
are isolated, for each ε > 0, we may perturb η to obtain a curve ηˆ ∶ [0,1] →X
joining x and y contained in the topologically regular stratum and satisfying
that
(i) ηˆ([0,1]) ∩ (F ∪E) = ∅,
(ii) ηˆ([0,1]) ∩ SE = η([0,1]) ∩ SE, and
(iii) ∣Length(ηˆ) − Length(η) ∣ ≤ ε.
Let us now consider the case in which ηˆ intersects the SE-stratum. Since
there are finitely many connected components of the SE-stratum, and each
component is a 2-dimensional manifold, we can slightly perturb the curve ηˆ
to obtain a curve with the same endpoints which intersects each component
of the SE-stratum transversally at at most a finite number of points. More-
over, we may assume that the length of the perturbed curve is arbitrarily
close to the length of ηˆ. Abusing notation, we will also call this new curve
ηˆ. Let {ηˆ(si)} = ηˆ([0,1])∩SE. We can further assume that on a sufficiently
small interval [ai, bi] ⊂ [0,1] with ai < si < bi, the curve ηˆ is a geodesic.
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Therefore, for any ε > 0, there exists a curve η˜ ∶ [0,1] → X such that
(i) η˜([0,1]) ∖ {η˜(si)}mi=1 ⊂ R,
(ii) η˜ only has a finite number of points {η˜(si)}mi=1 in SE and η˜ is a
geodesic on sufficiently small intervals [ai, bi] with ai < si < bi, and
(iii) ∣Length(η˜) − Length(η) ∣ ≤ ε.
Let us fix ε > 0 and θ0 ∈ S1. We cover η˜ with a finite number of invariant
neighborhoods Vj of the local action in such a way that for each i, η˜([ai, bi])
is fully contained in exactly one of the neighborhoods Vj , which we denote
by Vji . Let µj be the isometric circle action on Vj. Let us consider η˜([0, a1]),
which is covered by {Vj}
j1
j=0. By the same procedure as in the case in which
η was contained in R, we obtain a curve ρ1 ∶ [0, a1] → X joining µ0(θ0, x)
and µj1(θj1 , η˜(a1)) for some θj1 ∈ S
1 such that
Length(η˜ ∣ [0, a1]) = Length(ρ1 ∣ [0, a1]).
Since η˜(b1) ∈ Vj1 we can use the same θj1 to begin the process on η˜ ∣ [b1, a2],
obtaining a curve ρ2 ∶ [b1, a2]→X joining µj1(θj1 , η˜(b1)) and µj2(θj2 , η˜(a2))
for some θj2 ∈ S
1 such that
Length(η˜ ∣ [b1, a2]) = Length(ρ2 ∣ [b1, a2]).
Continuing in this way we obtain a finite number of curves ρi ∶ [bi−1, ai]→X,
i = 1, . . . ,m, (we abuse notation and set b0 = 0), such that
Length(ρi) = Length(η˜ ∣ [bi−1, ai])
for each i = 1, . . . ,m. As a consequence of Lemma 4.4, the curve ρm
joins µjm−1(θjm−1 , η˜(bm)) and µ0(θ0, y). Furthermore, since the η˜ ∣ [ai, bi]
are geodesics fully contained in Vji , they are sent to geodesics under the
action of θji . Therefore, concatenating the curves ρi and these geodesics,
we obtain a piecewise smooth curve ρ ∶ [0,1] → X joining µ0(θ0, x) and
µ0(θ0, y) such that
Length(η˜) = Length(ρ).
This implies that d(x, y) ≤ d(µ0(θ0, x), µ0(θ0, y)) + ε. Then, it suffices to
take a sequence εk → 0, consider the associated curves η˜k and ρk to find that
d(µ0(θ0, x), µ0(θ0, y)) ≥ lim
k→∞
Length(η˜k) = d(x, y).
Doing the procedure for curves joining µ0(θ0, x) and µ0(θ0, y) we get the
reverse inequality. We conclude, then, that the local circle action is isometric
on X0.
Finally in the case in which either x or y is a topologically singular point,
the result follows by the density of the set X0 of topologically regular points.

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5. Topological and equivariant classification
In this section we prove Theorem B. We first prove the following technical
lemma. The term cross-section (or simply section) will be used to denote a
map q ∶ X∗ →X such that q ○ p ∶ X →X is the identity, as well as its image
q(X∗) ⊂X.
Lemma 5.1. Let X be a closed, connected Alexandrov 3-space admitting
an effective and isometric local circle action without exceptional fibers and
F ≠ ∅. Then there exists a cross-section to the fiber map.
Proof. Let p0 ∶ X0 → X∗0 be the restriction of the fiber map to the stratum
of R-fibers. Then, by analogous arguments to those of the proof of [25,
Lemma 2], there exists a cross-section q ∶ X∗0 → X0. We let qj denote the
restriction of q to the j-th boundary component of X∗0 . The qj that lie
on boundary components corresponding to simple F -blocks and simple SE-
blocks determine extensions of q to said blocks as in [25]. Extensions of q to
twisted F -blocks and twisted SE-blocks are constructed analogously. More
explicitly, q determines curves on the Klein bottle boundary components
of X0 and we can extend these curves radially to obtain the desired cross-
sections. An extension to q over the simple SF -blocks is constructed as in
[18, Theorem 4.1]. In order to extend q to the twisted SF -blocks we do
the following. We decompose the fiber space of a twisted SF -block into two
annuli. One of these annuli will have only principal orbits, except at one
of its boundary components, where the SF -, F - and SE-points lie. The
other annulus is the fiber space of the subset B0F ∶= K × [t0,1] of a twisted
F -block for some 0 < t0 < 1. It is clear that B0F has a section q˜ extending
q. Therefore, we can extend q˜ to the whole twisted SF -block as in [18,
Theorem 4.1]. 
Remark 5.2. Using the cross-section obtained in the previous lemma it is
possible to prove that the effective, isometric S1-action on a twisted SF -
block, equipped with the Riemannian orbifold metric of non-negative curva-
ture is unique up to equivariant homeomorphisms (cf. [25, Lemma 3], [18,
Corollary 4.5]).
Proof of Theorem B. We begin by noting that if X does not have any topo-
logically singular points then the result reduces to the classification of ef-
fective local circle actions for 3-manifolds ([9] and [21]) in combination with
the existence of an invariant Alexandrov metric (see Proposition 4.5).
Thus, we assume that s > 0. At the beginning of Section 4, we indicated
how to obtain a topological space with an effective, local circle action with
prescribed invariants. By Proposition 4.5, this space is an Alexandrov space
and the local circle action is isometric. Conversely, given an Alexandrov
space with an effective and isometric circle action we can “read off” the
invariants from the action and from X. This proves the first part of the
Theorem.
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Now we prove the second part of the theorem. We assume for now
that there are no exceptional fibers. Consider the unique 3-manifold M
with the local S1-action determined by {b; ε, g, (f + s, k1 + k3), (t, k2)} as
in [9, Theorem 2]. Note that since s > 0, M has at least s boundary
F -components. Here, s − k3 of these F -components, which we denote by
Qi with i = 1, . . . , s − k3, correspond to simple F -blocks. The remaining
k3, denoted by Pj , with j = 1, . . . , k3, belong to twisted F -blocks. We
now let Rh be the equivariant connected sum of h copies of Susp(RP 2).
For each 0 ≤ i ≤ s − k3, we successively perform an equivariant connected
sum of M and Rri/2 centered at an F -fiber in Qi and similarly, for ev-
ery 0 ≤ j ≤ k3, we successively carry out an equivariant connected sum
of M with Rqj/2, centered at an F -fiber on Pj . We let X
′ denote the
resulting spaceM#Rr1/2#Rr2/2#⋯#Rrs−k3/2#Rq1/2#Rq2/2#⋯#Rqk3/2 and
we observe that it has the fiber space
(X ′)∗ ≅M∗#R∗r1/2#R
∗
r2/2
#⋯#R∗rs−k3/2
#R∗q1/2#R
∗
q2/2
#⋯#R∗qk3/2
.
By Lemma 5.1, there exists a cross-section (X ′)∗ → X ′. Using this cross-
section and the methods of [25, Lemma 3] and [18, Corollary 4.5] we obtain
an equivariant equivalence X ′ ≅X. Thus, we conclude that
X ≅M#Susp(RP 2)#⋯#Susp(RP 2)
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
r summands
.
Finally, [25, Lemma 6, Theorems 2a, 2b ] extend to Alexandrov spaces
naturally. Therefore, in the case where X has exceptional fibers, the equiv-
alence still holds. 
6. Local circle actions and collapse
The collapse of closed, three dimensional Alexandrov spaces was studied
by Mistuishi and Yamaguchi in [16]. We show in this section that, when
the limit space is two-dimensional, some of these spaces admit local circle
actions and that the collapse occurs along the orbits of the action.
Let X be a closed, three-dimensional Alexandrov space that collapses
with lower curvature bound and upper diameter bound to a two-dimensional
space. Mitsuishi and Yamaguchi showed in [16] that X decomposes as a
union of certain blocks. We recall the definition of those that admit cir-
cle actions, the so-called generalized solid tori and generalized solid Klein
bottles.
Consider the families of surfaces in R3 given by
A(t) = {v = (x, y, z) ∣ x2 + y2 − z2 = t2 and ∣z∣ ≤ 1},
B(t) = {v = (x, y, z) ∣ x2 + y2 − z2 = −t2 and x2 + y2 ≤ 1}.
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The A(t) are one-sheeted hyperboloids (and a cone for t = 0), and B(t) are
two-sheeted hyperboloids. We set
D(t) ∶=
⎧⎪⎪
⎨
⎪⎪⎩
A(t)/Z2 for t > 0,
B(t)/Z2 for t ≤ 0,
where Z2 acts on A(t) and B(t) by the antipodal map. Therefore, D(t) is
homeomorphic to a Mo¨bius band Mo if t > 0 and a disk D2 if t ≤ 0. Observe
that ∂D(t) ≅ S1. Therefore
⋃
t∈[−1,1]
∂D(t) ≈ S1 × [−1,1].
We have that ⋃t≥0(A(t)∪B(−t))/Z2 is homeomorphic to the closed cone
K1(RP 2) and we have a projection map pi ∶ K1(RP 2) → [−1,1] given by
pi(D(t)) = t.
For N ≥ 1 we regard the circle S1 as the interval [0,2N] with its endpoints
identified. Let Ij = [j − 1, j] ⊂ [0,2N] for j = 1,2, . . . ,2N . Now we take a
family of spaces {Bj}2Nj=1 such that for each j, Bj is isometric to a K1(RP
2)
constructed similarly to the one above and let pij ∶ Bj → Ij be a projection
as the one defined previously.
These projections coincide at each {j} = Ij∩Ij+1, that is, pi−1j (j) = pi
−1
j+1(j)
for all j = 1,2, . . . ,2N . We glue the Bj with homeomorphisms along the
pi−1j (j) to obtain a space Y = ⋃
2N
j=1Bj which has a “fibration” pi ∶ Y → S
1
over S1 given by pi(pi−1j (t)) = t. Observe that Y has 2N topologically singular
points since each Bj has one topologically singular point (corresponding to
the vertex of D(0)).
The restriction pi∣∂Y ∶ ∂Y → S1 is an S1-bundle over S1. If ∂Y is a torus,
then Y is called a generalized solid torus of type N . If ∂Y is a Klein bottle,
then Y is called a generalized solid Klein bottle of type N . The spaces D2×S1
and Mo × S1 are generalized solid tori of type 0, while D2×˜S1 and Mo×˜S1
are generalized solid Klein bottles of type 0.
Lemma 6.1. Let Y be a generalized solid torus or a generalized solid Klein
bottle of type N . Then Y admits an effective, topological local circle action
and the following hold:
1. If Y is a generalized solid torus and N > 0, then it is equivalent to a
simple SF -block.
2. If Y is a generalized solid Klein bottle and N > 0, then it is equivalent
to a twisted SF -block.
Proof. We identify R3 with C × R. Let us denote the elements of D(t) by
[w,s], where (w,s) ∈ A(t) ⊂ C ×R if t > 0 and (w,s) ∈ B(t) ⊂ C ×R if t ≤ 0.
Then, for each t ∈ [−1,1], we have an effective topological circle action
S1 ×D(t) Ð→ D(t)
(z, [w,s]) z→ [zw, s],
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where zw is complex multiplication. Observe that ∂D(t) is an invariant
subset of this action. Therefore, this action extends to an effective topo-
logical circle action on Bj. We conclude that Y admits effective topological
local circle actions, defined by the condition that their restriction to each
Bj coincides with the action defined above. Then, by inspecting the list of
non-manifold blocks in Section 3, we obtain the result. 
Let {Xi}∞i=1 be a sequence of closed Alexandrov 3-spaces with curvature
≥ −1 and diam ≤D converging to an Alexandrov surface X with non-empty
boundary. According to [16, Theorem 1.5], for i large enough, Xi is home-
omorphic to a union of generalized solid tori, solid Klein bottle (which are
considered as fiberings over the boundary components of X) and a gen-
eralized Seifert fiber space (i.e. a Seifert fiber space possibly having sin-
gular interval fibers (see [16, Definition 2.48] for the precise definition).
Small tubular neighborhoods of these singular fibers are homeomorphic to
the space B(pt) = D2 × S1/α where α is the isometric involution given by
α(eiθ, x) = (e−iθ,−x). The singular fiber corresponds to S1 × {0}/α.
The colapse around singular fibers is the one obtained by shrinking the
S1-factor, and the collapsed space is homeomorphic to K1(S1). The topo-
logically singular points project to the the vertex of K1(S1), which is in the
interior of the limit space X. Therefore the collapse about singular fibers
cannot be the one along the fibers of an effective and isometric circle ac-
tion, since in this case topologically singular points project to points in the
boundary of the limit space X. Generalized Seifert fiber spaces without
B(pt) fibers are usual Seifert fiber 3-manifolds, which admit effective local
circle actions. Therefore, by Lema 6.1, Xi admits a local circle action com-
patible with the collapse, if and only if its decomposition does not contain
B(pt) pieces. We obtain in this way the following corollary:
Corollary 6.2. Let {Xi}∞i=1 be a sequence of closed Alexandrov 3-spaces
with curvature ≥ −1 and diam ≤ D converging to an Alexandrov surface X
(possibly with boundary). Further assume that, for i large enough, Xi does
not have any singular fibers of type B(pt). Then, for i large enough, Xi
is homeomorphic to an Alexandrov space with an effective and isometric
local circle action and the collapse Xi → X occurs along the fibers of the
local action. In particular, Xi is homeomorphic to one of the spaces in
Theorem B.
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